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In this paper, we establish some relationships among several constraint qualiﬁcations,
which characterize strong Lagrangian dualities and total Lagrangian dualities for DC
inﬁnite optimization problems.
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1 Introduction
Consider the following DC inﬁnite optimization problem:
(P)
Min f (x) – g(x),
s. t. ft(x) – gt(x)≤ , t ∈ T ,
x ∈ C,
(.)
where T is an arbitrary (possibly inﬁnite) index set, C is a nonempty convex subset of a
locally convex Hausdorﬀ topological vector space X and f , g, ft , gt : X → R := R ∪ {+∞},
t ∈ T , are proper convex functions. This problem has been studied extensively by many
researchers. For example, the authors in [–] studied Lagrange dualities, Farkas lemmas,
and optimality condition in the case when g = gt = , t ∈ T and the authors in [] estab-
lished the Fenchel-Lagrange duality in the case when X = Rn and T is ﬁnite, and Sun et
al. gave some dualities and Farkas-type results in [, ]. In particular, the authors in []
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for any (w∗,λ) ∈ H∗ × R(T)+ with w∗ = (u∗, (v∗t )) ∈ H∗ and λ = (λt) ∈ R(T)+ , and they estab-
lished some Lagrangian dualities between (P) and (D).
Usually, themain interest for the above optimization problems is focused on two aspects:
one is about strong Lagrangian duality and the other is about total Lagrangian duality. For































where A := {x ∈ C : ft(x) – gt(x) ≤ , for each t ∈ T}. To establish the strong Lagrangian
duality, the authors in [] introduced the following constraint qualiﬁcation (the conical
(WEHP)):






























and to consider the total Lagrangian duality, the authors in [] introduced two constraint
qualiﬁcations: the quasi-(WBCQ)







































where ∂H(x) := ∂g(x)× ∏t∈T ∂gt(x), for each x ∈ X and T(x) := {t ∈ T : ft(x) – gt(x) = }.
In this paper, we continuous to study the general case, that is, C is not necessarily closed
and f , g , ft , gt , t ∈ T , are not necessarily lsc. Our main aim in the present paper is focused
on the relationships among the conical (WEHP), the quasi-(WBCQ), and the (WBCQ).
The paper is organized as follows. The next section contains some necessary notations
and preliminary results. In Section , some relationships among the conical (WEHP), the
quasi-(WBCQ), and the (WBCQ) are obtained and some examples illustrating the rela-
tionships are given.
2 Notations and preliminaries
The notations used in this paper are standard (cf. []). In particular, we assume through-
out the whole paper that X is a real locally convex space and let X∗ denote the dual space
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of X. For x ∈ X and x∗ ∈ X∗, we write 〈x∗,x〉 for the value of x∗ at x, that is, 〈x∗,x〉 := x∗(x).
Let Z be a set in X. The closure of Z is denoted by clZ. IfW ⊆ X∗, then clW denotes the
weak∗-closure ofW . For the whole paper, we endow X∗ ×R with the product topology of
w∗(X∗,X) and the usual Euclidean topology.
The normal cone of Z at z ∈ Z is denoted by NZ(z) and is deﬁned by
NZ(z) =
{
x∗ ∈ X∗ : 〈x∗, z – z
〉 ≤  for all z ∈ Z}.
The indicator function δZ of Z is deﬁned by
δZ(x) :=
{
, x ∈ Z,
+∞, otherwise.
Let f be a proper function deﬁned onX. The eﬀective domain, the conjugate function, and
the epigraph of f are denoted by dom f , f ∗, and epi f , respectively; they are deﬁned by
dom f :=
{













(x, r) ∈ X ×R : f (x)≤ r}.
It is well known and easy to verify that epi f ∗ is weak∗-closed. The closure of f is denoted
by cl f , which is deﬁned by
epi(cl f ) = cl(epi f ).
Then (cf. [, Theorems ..]),
f ∗ = (cl f )∗. (.)
By [, Theorem ..], if cl f is proper and convex, then the following equality holds:
f ∗∗ = cl f . (.)
Let x ∈ X. The subdiﬀerential of f at x is deﬁned by
∂f (x) :=
{
x∗ ∈ X∗ : f (x) + 〈x∗, y – x〉 ≤ f (y), for each y ∈ X} (.)
if x ∈ dom f , and ∂f (x) := ∅ otherwise. We also deﬁne
dom ∂f =
{




x∗ ∈ X∗ : x∗ ∈ ∂f (x) for some x ∈ X}.
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By [, Theorems .. and ..(iii)], the Young-Fenchel inequality below holds:
f (x) + f ∗
(
x∗
) ≥ 〈x,x∗〉, for each pair (x,x∗) ∈ X ×X∗, (.)
and the Young equality holds:








if and only if x∗ ∈ ∂f (x). (.)
Furthermore, if g , h are proper functions, then
epi g∗ + epih∗ ⊆ epi(g + h)∗, (.)
g ≤ h ⇒ g∗ ≥ h∗ ⇔ epi g∗ ⊆ epih∗, (.)
and
∂g(a) + ∂h(a)⊆ ∂(g + h)(a), for each a ∈ dom g ∩ domh. (.)
We end this section with the remark that an element p ∈ X∗ can be naturally regarded
as a function on X in such way that
p(x) := 〈p,x〉, for each x ∈ X. (.)
Thus the following fact is clear for any a ∈R and real-valued proper function f :
epi(f + p + a)∗ = epi f ∗ + (p, –a). (.)
3 Relationships among constraint qualiﬁcations
Let X be a real locally convex Hausdorﬀ vector space, and C ⊆ X be a convex set. Let T
be an index set and let f , g , ft , gt , t ∈ T be proper convex functions such that f – g and
ft – gt , t ∈ T , are proper functions. Here and throughout the whole paper, following [,
p.], we adapt the convention that (+∞) + (–∞) = (+∞) – (+∞) = +∞,  · (+∞) = +∞,
and  · (–∞) = . Then
∅ = dom f ⊆ dom g and ∅ = dom ft ⊆ dom gt . (.)
Let A = ∅ be the solution set of the following systemwith the assumption that A∩dom(f –
g) is nonempty:
x ∈ C; ft(x) – gt(x)≤ , for each t ∈ T , (.)
and let Acl be the solution set of the following system:
x ∈ C; ft(x) – cl gt(x)≤ , for each t ∈ T . (.)
Then Acl ⊆ A. Following [], we use R(T) to denote the space of real tuples λ = (λt) with





λ = (λt) ∈R(T) : λt ≥ , for each t ∈ T
}
.
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For simplicity, we denote








∂gt(x), for each x ∈ X.
To make the dual problem considered here well deﬁned, we further assume that cl g and
cl gt , t ∈ T , are proper. Then H∗ = ∅. For the whole paper, any elements λ ∈R(T) and v∗ ∈∏
t∈T dom g∗t are understood as λ = (λt) ∈ R(T) and v∗ = (v∗t ) ∈
∏
t∈T dom g∗t , respectively.
































where we adopt the convention that
⋂
t∈∅ St = X (see [, p.]). Below we will make use of
the subdiﬀerential ∂h(x) for a general proper function (not necessarily convex) h : X →R;
see (.). Clearly, the following equivalence holds:
x is a minimizer of h if and only if  ∈ ∂h(x). (.)
For each x ∈ X, let T(x) be the active index set of system (.), that is,
T(x) :=
{
t ∈ T : ft(x) – gt(x) = 
}
.








































Then, for each x ∈ X,
N ′(x)⊆N ′(x).
Deﬁnition . The family {f , g, δC ; ft , gt : t ∈ T} is said to satisfy
(a) the lower semi-continuity closure ((LSC)) if
epi(f – g + δA)∗ = epi(f – cl g + δAcl )∗; (.)
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(b) the conical weak epigraph hull property ((WEHP)) if
epi(f – g + δA)∗ = K ; (.)
(c) the quasi-weakly basic constraint qualiﬁcation (the quasi-(WBCQ)) at x ∈ A if
∂(f – g + δA)(x)⊆N ′(x); (.)
(d) the weakly basic constraint qualiﬁcation (the (WBCQ)) at x ∈ A if
∂(f – g + δA)(x)⊆N ′(x). (.)
It is said that the family {f , g, δC ; ft , gt : t ∈ T} satisﬁes the quasi-(WBCQ) (resp. the
(WBCQ)) if it satisﬁes the quasi-(WBCQ) (resp. the (WBCQ)) at each point x ∈ A.
Remark .
(a) The notions of (LSC) and the conical (WEHP) were introduced in [] and the
quasi-(WBCQ) and the (WBCQ) were taken from [].
(b) Recall from [, ] that the family {δC ; ft : t ∈ T} has the conical (WEHP)f if











and has the (WBCQ)f at x ∈ dom f ∩A if
∂(f + δA)(x) =
⋃
λ∈R(T)+∑
t∈T λt ft (x)=
∂
(






Thus, in the special case when g = gt = , t ∈ T , the conical (WEHP) coincides with the
conical (WEHP)f for the family {δC ; ft : t ∈ T} and the quasi-(WBCQ) and (WBCQ) are
reduced to the (WBCQ)f for the family {δC ; ft : t ∈ T}.
Theorems . and . characterize the relationships among the quasi-(WBCQ), the
(WBCQ), and the conical (WEHP).
Theorem . The following implication holds:
[
epi(f – g + δA)∗ ⊆ K
] ⇒ the quasi-(WBCQ). (.)
Consequently,
the conical (WEHP) ⇒ the quasi-(WBCQ). (.)
Proof Suppose that epi(f – g + δA)∗ ⊆ K . To show the quasi-(WBCQ), let x ∈ A and let
















– (f – g + δA)(x)
) ∈ epi(f – g + δA)∗ ⊆ K .






























Let (u∗, v∗) ∈ ∂H(x). There exists (x∗ , r) ∈ epi(f + δC +
∑
t∈J λt ft)∗ such that




















where J := {t ∈ T : λt = } is a ﬁnite subset of T . Below we only need to show that x∗ ∈
∂(f + δC +
∑
t∈J λt ft)(x) and J ⊆ T(x). To do this, note by the deﬁnition of epigraph, one
has
(






) ≤ r. (.)

















, for each t ∈ T . (.)
This together with (.), (.), and (.) implies that
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where the second inequality holds because x ∈ A. Hence,
(




































holds automatically by the Fenchel-Young inequality (.). Therefore, by (.), x∗ ∈ ∂(f +
δC +
∑
t∈J λt ft)(x). To show J ⊆ T(x), note that x ∈ A, then
(



























) ≥ 〈x∗ ,x
〉




Thus, by (.) and (.), we have
f (x) – g(x) –
〈
x∗,x















































Since λt >  and ft(x) – gt(x)≤ , for each t ∈ J , it follows that λt(ft(x) – gt(x)) = , that
is, ft(x) – gt(x) = , for each t ∈ J . Thus, J ⊆ T(x) and hence the quasi-(WBCQ) holds.

Theorem . If dom(f – g + δA)∗ ⊆ im ∂(f – g + δA), then
the (WBCQ) ⇒ [epi(f – g + δA)∗ ⊆ K
]
. (.)
Furthermore, if the (LSC) holds, then
the (WBCQ)⇒ the conical (WEHP). (.)
Proof Suppose that dom(f –g+δA)∗ ⊆ im ∂(f –g+δA) and that the (WBCQ) holds. To show
epi(f –g+δA)∗ ⊆ K , let (x∗,α) ∈ epi(f –g+δA)∗. Since x∗ ∈ dom(f –g+δA)∗ ⊆ im ∂(f –g+δA),
it follows that there exists x ∈ dom(f – g) ∩ A such that x∗ ∈ ∂(f – g + δA)(x) ⊆ N ′(x),
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for some ﬁnite subset J ⊆ T(x) and {λt} ⊆R with λt ≥ , for each t ∈ J . Let (u∗, v∗) ∈H∗.
Then there exists x∗ ∈ ∂(f + δC +
∑
t∈J λt ft)(x) such that

































+ (f – g + δA)(x)≤ α + f (x) – g(x), (.)
where the last inequality holds because of (x∗,α) ∈ epi(f –g+δA)∗ and x ∈ A. This together
with (.) and (.) implies that
(













































where the second inequality holds by the Fenchel-Young inequality and the last equality
holds because J ⊆ T(x). This means that
(











































































and so (x∗,α) ∈ K by the arbitrary of (u∗, v∗) ∈H∗. Therefore,
epi(f – g + δA)∗ ⊆ K . (.)
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f – cl g + δC +
∑
t∈T
λt(ft – cl gt)
)∗
; (.)




f – cl g + δC +
∑
t∈T
λt(ft – cl gt)
)∗
⊆ epi(f – cl g + δAcl )∗. (.)
Combining (.), (.) with (.), we have
K ⊆ epi(f – g + δA)∗. (.)
Hence, by (.), the conical (WEHP) holds and the proof is complete. 
Remark . By [, Remark .], we see that
the (WBCQ) ⇒ the quasi-(WBCQ)
and by Theorems . and ., we get
[
the (WBCQ) & dom(f – g + δA)∗ ⊆ im ∂(f – g + δA) & the (LSC)
]
⇒ the conical (WEHP) ⇒ the quasi-(WBCQ).
By Theorems . and ., we get the following corollary directly, which was given in [,
Proposition .]. Note that the conical (WEHP)f and the (WBCQ)f for the family {δC ; ft :
t ∈ T} were introduced in [, ]; see also Remark .(ii).
Corollary . For the family {δC ; ft : t ∈ T}, the following implication holds:
the conical (WEHP)f ⇒ the quasi-(WBCQ)f
and
the conical (WEHP)f ⇐⇒ the quasi-(WBCQ)f
if dom(f + δA)∗ ⊆ im ∂(f + δA).
The following example illustrates (.) and shows that the quasi-(WBCQ) in (.) can-
not be replaced by the (WBCQ).








, x > ,
, x = ,
+∞, x < ,
for each x ∈R,
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f := δ[,+∞) and g := . Then f , g , f, and g are proper convex functions and A = [,+∞).
Note that, for each x ∈R,




x, x > ,
–, x = ,
+∞, x < ,
and f + δC + λf = f holds, for each λ ≥ . Then, for each x∗ ∈R, g∗ = δ(–∞,],






, x∗ ≤ ,
+∞, x∗ > ,
and, for each λ ≥ ,






, x∗ ≤ ,
+∞, x∗ > .
This means that dom g∗ = (–∞, ],
epi(f – g + δA)∗ = (–∞, ]× [, +∞)
and














= (–∞, ]× [, +∞).
This implies that epi(f – g + δA)∗ ⊆ K . Moreover, it is easy to see that, for each x ∈ A,
∂g(x) =
{
{}, x > ,
∅, x = ,
and, for each λ ≥ ,
∂(f – g + δA)(x) = ∂(f + δC + λf)(x) =
{
, x > ,
(–∞, ], x = .











, x > ,













∅, x > ,
(–∞, ], x = .
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This means that ∂(f – g + δA)(x)⊆N ′(x) but ∂(f – g + δA)(x)N ′(x), for each x ∈ A. Thus,
the quasi-(WBCQ) holds but not the (WBCQ).
Example . illustrates Theorem . and Example . shows that the condition (LSC) is
essential for (.) to hold.
Example . Let X = C :=R. Deﬁne f , g, f, g :R→R, respectively, by f = f = g := δ(–∞,],
g := . Then f , g , f, and g are proper convex functions. Consider the system (.) with
T := {}. Then one sees that
A =
{
x ∈R : f(x) – g(x)≤ 
}
= (–∞, ].
It is easy to see that
f – g + δA = δA and (f – g + δA)∗ = δ[,+∞).
Hence,
dom(f – g + δA)∗ = [,+∞),
and, for each x ∈ A,
∂(f – g + δA)(x) =NA(x) =
{
{}, x < ,
[,+∞), x = .
This implies that dom(f – g + δA)∗ ⊆ im ∂(f – g + δA). Note that g∗ = δ{}, g∗ = δ[,+∞), and












{}, x < ,
[,+∞), x = .
Thus, ∂(f – g + δA)(x) = N ′(x) and the (WBCQ) holds. Therefore, by Theorem ., we see
that epi(f –g+δA)∗ ⊆ K . Moreover, since g is lsc, it follows that the (LSC) holds. Therefore,
by (.), one sees that the conical (WEHP) holds. In fact, it is easy to see that














= [,+∞)× [, +∞).
Example . Let X = C := R. Deﬁne f , g, f, g : R → R as in [, Example .], that is,





, x < ,
, x = ,
+∞, x > .
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Then f , g , f, and g are proper convex functions. Consider the system (.) with T := {}.
Then one sees that
A =
{
x ∈R : f(x) – g(x)≤ 
}
= (–∞, ].
It is easy to see that, for each x ∈R,




, x < ,
–, x = ,
+∞, x > ,
and, for each x∗ ∈R,






, x∗ ≥ ,
+∞, x∗ < .
Moreover, for each x ∈ A, we see that
∂(f – g + δA)(x) =
{
∅, x < ,
[,+∞), x = .
Thus, dom(f – g + δA)∗ ⊆ im ∂(f – g + δA). Note that g∗ = δ{}, g∗ = δ[,+∞), and (f + λf)∗ =











{}, x < ,
[,+∞) x = .
Therefore, the (WBCQ) holds. However, the conical (WEHP) does not hold as shown in
Example . in []. Actually, the family {f , g, δC ; ft , gt : t ∈ T} does not satisfy the (LSC),
since
epi(f – g + δA)∗ = [,+∞)× [, +∞);
but
epi(f – cl g + δA)∗ = [,+∞)× [, +∞).
Competing interests
The author declares that they have no competing interests.
Acknowledgements
The author is grateful to both reviewers for their many helpful suggestions and remarks, which improved the quality of
the paper. This work was supported in part by the National Natural Science Foundation of China (grant 11461027) and
supported in part by the Scientiﬁc Research Fund of Hunan Provincial Education Department (grant 13B095).
Received: 23 October 2014 Accepted: 14 January 2015
Fang Journal of Inequalities and Applications  (2015) 2015:41 Page 14 of 14
References
1. Dinh, N, Goberna, MA, López, MA: From linear to convex systems: consistency, Farkas’ lemma and applications.
J. Convex Anal. 13, 279-290 (2006)
2. Dinh, N, Goberna, MA, López, MA, Song, TQ: New Farkas-type constraint qualiﬁcations in convex inﬁnite
programming. ESAIM Control Optim. Calc. Var. 13, 580-597 (2007)
3. Fang, DH, Li, C, Ng, KF: Constraint qualiﬁcations for extended Farkas’s lemmas and Lagrangian dualities in convex
inﬁnite programming. SIAM J. Optim. 20, 1311-1332 (2009)
4. Fang, DH, Li, C, Ng, KF: Constraint qualiﬁcations for optimality conditions and total Lagrange dualities in convex
inﬁnite programming. Nonlinear Anal. 73, 1143-1159 (2010)
5. Goberna, MA, Jeyakumar, V, López, MA: Necessary and suﬃcient conditions for solvability of systems of inﬁnite
convex inequalities. Nonlinear Anal. 68, 1184-1194 (2008)
6. Goberna, MA, López, MA: Linear Semi-Inﬁnite Optimization. Wiley, Chichester (1998)
7. Jeyakumar, V: The strong conical hull intersection property for convex programming. Math. Program., Ser. A 106,
81-92 (2006)
8. Jeyakumar, V, Mohebi, H: Limiting -subgradient characterizations of constrained best approximation. J. Approx.
Theory 135, 145-159 (2005)
9. Li, C, Ng, KF, Pong, TK: The SECQ, linear regularity and the strong CHIP for inﬁnite system of closed convex sets in
normed linear spaces. SIAM J. Optim. 18, 643-665 (2007)
10. Li, C, Ng, KF, Pong, TK: Constraint qualiﬁcations for convex inequality systems with applications in constrained
optimization. SIAM J. Optim. 19, 163-187 (2008)
11. Li, W, Nahak, C, Singer, I: Constraint qualiﬁcations for semi-inﬁnite systems of convex inequalities. SIAM J. Optim. 11,
31-52 (2000)
12. Martinez-Legaz, JE, Volle, M: Duality in DC programming: the case of several constraints. J. Math. Anal. Appl. 237,
657-671 (1999)
13. Sun, XK: Regularity conditions characterizing Fenchel-Lagrange duality and Farkas-type results in DC inﬁnite
programming. J. Math. Anal. Appl. 414, 590-611 (2014)
14. Sun, XK, Li, SJ, Zhao, D: Duality and Farkas-type results for DC inﬁnite programming with inequality constraints.
Taiwan. J. Math. 17, 1227-1244 (2013)
15. Fang, DH, Lee, GM, Li, C, Yao, JC: Extended Farkas’s lemmas and strong Lagrange dualities for DC inﬁnite
programming. J. Nonlinear Convex Anal. 14, 747-767 (2013)
16. Fang, DH, Chen, Z: Total Lagrange duality for DC inﬁnite optimization problem. Fixed Point Theory Appl. 2013, 269
(2013)
17. Zaˇlinescu, C: Convex Analysis in General Vector Spaces. World Scientiﬁc, Hackensack (2002)
18. Kortanek, KO: Constructing a perfect duality in inﬁnite programming. Appl. Math. Optim. 3, 357-372 (1977)
